Using symplectic complex, this article proves a formula for computing the Reidemeister torsion of even dimensional oriented closed connected manifolds. Moreover, it presents applications to Riemann surfaces and Grassmannians.
Introduction
Reidemeister torsion is a topological invariant and was introduced by Reidemeister in 1935. Up to PL equivalence, he classified the lens spaces S 3 / , where is a finite cyclic group of fixed point free orthogonal transformations [20] . In [8] , Franz extended the Reidemeister torsion and classified the higher dimensional lens spaces S 2n+1 / , where is a cyclic group acting freely and isometrically on the sphere S 2n+1 . In 1964, the results of Reidemeister and Franz were extended by de Rham to spaces of constant curvature +1 [7] . Kirby and Siebenmann proved the topological invariance of the Reidemeister torsion for manifolds in 1969 [12] . Chapman proved invariance for arbitrary simplicial complexes [5] , [6] . Hence, the classification of lens spaces of Reidemeister and Franz was actually topological (i.e., up to homeomorphism).
Using the Reidemeister torsion, Milnor disproved Hauptvermutung in 1961. He constructed two homeomorphic but combinatorially distinct finite simplicial complexes. He identified in 1962 the Reidemeister torsion with the Alexander polynomial which plays an important role in knot theory and links [16] , [18] .
In the paper [22] , we explained the claim mentioned in [27, p. 187 ] about the relation between a symplectic chain complex with ω-compatible bases and its Reidemeister torsion (Theorem 1.7). Moreover, we applied Theorem 1.7 to the chain-complex 0 −→ C 2 ( g ; Ad ) ∂ 2 ⊗id −−−→ C 1 ( g ; Ad )
where g is a compact Riemann surface of genus g > 1, where ∂ is the usual boundary operator, and where : π 1 ( g ) → PSL 2 (R) is a discrete and faithful representation of the fundamental group π 1 ( g ) of g [22] .
In the present article, oriented closed connected 2m-manifolds (m ≥ 1) are considered and the following formula for computing the Reidemeister torsion of them is proved. Namely, Throughout the paper, by manifold we mean smooth manifold. It is well known that Riemann surfaces and Grassmannians have many applications in a wide range of mathematics such as topology, differential geometry, algebraic geometry, symplectic geometry, and theoretical physics (see, e.g., [1] - [4] , [9] , [10] , [13] , [14] , [22] - [27] , and the references therein). We also apply Theorem 0.1 to Riemann surfaces and Grassmannians.
The content of the paper is as follows. In §1, we provide the basic definitions and facts about the Reidemeister torsion of a general chain complex. Moreover, we explain symplectic chain complexes. §2 concerns the Reidemeister torsion of a manifold. We explain in §3 the symplectic chain complex associated to a 2m-manifold with m odd. Furthermore, the proof of Theorem 0.1 is given. As applications, Theorem 0.1 is applied in §4 to Riemann surfaces and Grassmanians.
Reidemeister torsion of a chain complex
In this section, the required definitions and the basic facts about the Reidemeister torsion are given. Detailed proofs and more information can be found in [19] , [22] , [27] , and the references therein.
We shall reserve F to denote the field of real R or complex C numbers. Let Clearly, we have the following short-exact sequences:
, respectively, and
is the alternating product
, where e p , f p denotes the determinant of the change-base-matrix from basis f p to e p of C p . Remark 1.2. Milnor proved that the Reidemeister torsion does not depend on bases b p , sections s p , p [17] . Let c p , h p be other bases respectively for C p , H p (C * ). Then, by an easy computation we have the following change-baseformula:
By the independence of the Reidemeister torsion from b p and sections s p , p , formula (1.1) is easily obtained. Note that if, for example, [c p ,
, then the torsions are the same for odd n, and torsions have opposite sign for even n.
It follows from the Snake Lemma that a short-exact sequence of chain complexes
yields a long-exact sequence of vector spaces C * of length 3n + 2. Namely, 
, {0} 
Proof. Clearly, we have the following short exact sequence 
), where C * is the long exact sequence obtained from short-exact sequence (1.4). Namely,
Considering the projection
This completes the proof of Lemma 1.4.
Independently, it is explained in [1] , [22] that a general chain complex can (unnaturally) be split as a direct sum of an acyclic and ∂-zero chain complexes. Moreover, it is proved independently in [ (−1) p+1 . For detailed proof and further information, we may refer the readers to [1] , [22] . Definition 1.5. A symplectic chain complex of length q is (C * , ∂ * , {ω * ,q− * }), where
is a chain complex with q ≡ 2 (mod 4), and for p = 0, . . . , q, ω p,q−p :
To be more precise,
Note that by q ≡ 2 (mod 4), we easily have
It follows from the ∂-compatibility of the non-degenerate anti-symmetric bilinear maps ω p,q−p : C p × C q−p → R that one can easily extend these to homologies [22] . 
The existence of ω-compatible bases enabled us to prove in [22] that a symplectic chain complex C * can be split ω-orthogonally as a direct sum of an exact and ∂-zero symplectic complexes. Moreover, we proved Theorem 1.7, which is one of the main results of [22] . Namely, 
The proof and unexplained subjects can be found in [22] . For further applications of Theorem 1.7, we refer the reader to [23] , [24] .
The Reidemeister Torsion of a Manifold
Let M be an m-manifold with a cell decomposition K.
where Z is the set of integers and ∂ p is the usual boundary operator. Hence, the Reidemeister torsion
By 
Proof of The Main Result
In this section, we provide the proof of Theorem 0.1. To alleviate the notation, let us introduce the following which is used throughout the paper. Let Y be an oriented closed connected manifold of dimension d.
Torsion of oriented closed connected 2m-manifold with m odd,
χ ≡ 0 (mod 4) This section will explain the symplectic chain complex associated to compact even dimensional manifolds. Moreover, we provide the proof of Theorem 0.1 for oriented closed connected 2m-manifolds with m odd and Euler characteristic χ ≡ 0 (mod 4). Namely,
Proof. Let K be a cell decomposition of M. Let K be the corresponding dual cell decomposition of M associated to K.
Recall that one can get the dual cell decomposition K as follows. Let K = {σ 
Note that the intersection pairings
where ∂ denotes the boundary operator.
From the similar property of the intersection number index (i) follows.
Thus, the intersection pairings
Clearly, the intersection pairings can be extended to homologies
It follows from Theorem 1.7 that
Hence, combining equations (3.1) and (3.2), we have
For an oriented closed connected 2m-manifold M with m odd, χ(M) is even (see, e.g., [15, p. 164 
]). By the assumption χ(M)
, then we obtain the following short-exact sequence of chain
Let us take the inclusion s p : 
Combining (3.4) and (3.5), we conclude the proof of Theorem 3.1.
The torsion of oriented closed connected 4k-manifold with χ even Theorem If M is an oriented closed connected 2m-manifold with m even and χ(M) even, and if h p is a basis of
Proof. Let us consider N = M ×S 2 , where S 2 is the unit 2-sphere. Clearly, N is an oriented closed connected 2(m + 1)-manifold with m + 1 odd and χ(N) = 0 (mod 4). Let us also consider the usual CW structure of S 2 with two cells, say, c 0 , c 2 . Let h 0 and h 2 be bases of homologies of S 2 so that
where ı p is the inclusion, π p is the projection p = 0, . . . , 2m + 2.
Note that the bases of the chain complexes in (3.6) are compatible.
2 . Using the Künneth formula (see, e.g., [11, p . 275]), we get for p = 0, 1, h 
By an easy computation, we get for p = 0, 1,
From (3.7)-(3.10) it follows that
Thus, by (3.11) and the fact that T(C * (N)) = (T(C * (M)) 2 , we conclude the proof Theorem 3.2. 
The torsion of oriented closed connected 4k-manifold
N is a closed oriented 2(m+2)-manifold with m + 2 even, and χ(N) = 0 (mod 4). Let us also consider the usual CW structure of S 2 with two cells, say, c 0 , c 2 . Let h 0 and h 2 be bases for homologies of S 2 so that (h 0 , h 2 ) 0,2 = 1.
Using the compatibility of the bases, and Lemma 1.4, we have T(C * (N )) = (T(C * (M)) 4 . From the Künneth formula it follows that for p = 2m + 3, 2m
An easy computation results that for p = 0, 1,
Hence, (3.12)-(3.17), and the fact T(C * (N )) = (T(C * (M)) 4 complete the proof of Theorem 3.3. 
Torsion of oriented closed connected
. We obtain a chain complex like (3.6). From the compatibility of the bases of the chain complexes, the fact
(M), and Lemma 1.4 it follows that T(C * (N )) = (T(C * (M))
2 . Using (3.8)-(3.10), (3.18) becomes
By (3.19) and the fact that T(C * (N )) = (T(C * (M))
2 , we conclude the proof of Theorem 3.4. In the following section, we discuss the Reidemeister torsion of oriented closed connected odd dimensional manifolds. 
The torsion of oriented closed connected odd dimensional manifold
. We also have (3.20)
where ı p is the inclusion, π p is the projection p = 0, . . . , 2m. Clearly, the bases of the chain complexes in (3.20) are compatible. Note also that
(M). From Lemma 1.4 it follows that T(C * (N )) = (T(C * (M))
2 . By the Künneth formula, h Note that
Note also that since
we have
Combining (3.21)-(3.24), and the fact that T(C * (N )) = (T(C
This proves Theorem 3.5.
Application
In this section, we apply Theorem 0.1 to Riemann surfaces and Grassmannians.
Compact Riemann surfaces
Let g be a compact oriented Riemann surface of genus g ≥ 1 without boundary. 
, Proof. By the spectral theorem of normal matrices, symmetric and skewsymmetric matrices are orthogonally diagonalizable. Thus, there exist orthogonal 2g × 2g real matrix P and 2g × 2g real matrix Q so that P AP where λ 1 , . . . , λ 2g and μ 1 , . . . , μ 2g are real. Then, we have
2g . This is the end of the proof of Lemma 4.2. 
Proof. From the Künneth formula it follows that h 0 ⊗h 0 , h 1 ⊗h 0 ⊕h 0 ⊗h 1 ,
Using Theorem 0.1, we obtain
It follows from Lemma 4.2 that
where
From (4.3)-(4.6) it follows that (4.2) is equal to
This concludes the proof of Corollary 4.3.
Next, let us compute the Reidemeister torsion of the cartesian product × n i=1 g i of closed Riemann surfaces g 1 , . . . , g n of genus g 1 , . . . , g n ≥ 1, respectively. To do that, we shall first prove that formula (4.1) is valid for M × N, where M is an oriented closed connected 2n-manifold with n ≥ 1 and N = g is a closed oriented Riemann surfaces of genus g ≥ 1. Namely, Corollary 4.4. Let M be an oriented closed connected 2n-manifold with n ≥ 1 and N = g be a closed oriented Riemann surface of genus g ≥ 1.
Proof. Using the Künneth formula, we get
It follows from Theorem 0.1 that
Using Lemma 4.2, we get
Clearly, we have
Combining (4.14) and (4.15), we obtain (4.7). This finishes the proof of Corollary 4.4.
In particular, considering the cartesian product of closed oriented Riemann surfaces of genus ≥ 1 and applying Corollary 4.4, we have 
. χ( g i ) . . . χ( g n ) is deletion of χ( g i ).

Grassmannians and Schubert varieties
We provide the basic definitions and necessary facts about the Grassmannians, Lagrangian Grassmannians, Orthogonal Grassmannians, and Isotropic Grass-mannians. For unexplained subject and further information, we refer the reader to [3] , [4] , [9] , [10] , [25] - [14] , and the references therein.
Since the results corresponding to these manifolds are similar, we shall state for only one of them. G(d, N ) . Let E be C N and let 
The Grassmannian
This is a codimension |λ| closed subvariety of G (d, N ) , where |λ| = λ i is the weight of λ. By Poincaré duality, X λ (F • ) is associated to the Schubert class N ) and on the flags in E it follows that σ λ is independent of the flag F • used to define X λ .
As an additive group H * (G (d, N ) ; Z) = λ⊂(n d ) Z · σ λ is a free abelian group generated by the Schubert classes. Odd dimensional cohomologies are all zero and the Euler characteristic χ (G(d, N ) 
. Recall also that by the Schubert Duality theorem for any λ and μ with |λ| + |μ| = dn, we have
From Theorem 0.1 it follows that (N − d) . Then, the following formulas hold: 
The Lagrangian Grassmannian
LG(n, 2n) . Let E be C 2n equipped with a symplectic form · , · . A subspace V of E is isotropic if the restriction of the symplectic form · , · to V vanishes. Note that the maximal possible dimension of an isotropic subspace is n, and in this case V is called a Lagrangian subspace of E. The Lagrangian Grassmannian LG(n, 2n) is a complex manifold of complex dimension n(n + 1)/2 parametrizing the Lagrangian subspaces in E.
A complete isotropic flag F • : 0 = F 0 ⊂ F 1 ⊂ · · · ⊂ F n ⊂ E of subspaces of E is a flag of isotropic subspaces of E such that dim F i = i for each i. Thus, a complete isotropic flag is a Lagrangian subspace F n of E together with a complete flag of subspaces of F n . In fact, any isotropic flag
where (λ) is the length of λ, i.e., the number of non-zero terms in λ.
LG(n, 2n); Z) is a free abelian group generated by the Schubert classes σ λ with strictly decreasing partition λ. Recall the Poincaré duality
LG(n,2n) σ λ σ μ = δˇλ ,μ , whereλ = ρ n − λ is the dual partition of λ, and where ρ n = (n, n − 1, . . . , 1). Recall also that the Euler characteristic of LG(n, 2n) is 2 n . Moreover, for LG(n, 2n), we have a result similar to Theorem 4.6, where m = n(n + 1)/2.
The Orthogonal Grassmannian OG(n
equipped with a non-degenerate symmetric form. The even orthogonal Grassmannian OG(n + 1, 2n + 2) parametrizes one component of the locus of maximal isotropic subspaces of E. This is a complex manifold of complex dimension n(n + 1)/2. There are two families of such subspaces. As convention, given a fixed isotropic flag F • in E, only those isotropic in E with ∩ F n+1 even codimension in F n+1 are considered. Recall that OG(n + 1, 2n + 2) is isomorphic to the odd Orthogonal Grassmannian OG(n, 2n + 1).
As in LG(n, 2n), the Schubert varieties X λ (F • ) in OG(n+1, 2n+2) are also parametrized by strictly decreasing partitions λ = (λ 1 > λ 2 > · · · > λ > 0) with λ 1 ≤ n and defined by
with respect to a complete isotropic flag F • in E. Let σ λ be the cohomology class of X λ (F • ). The abelian group H * (OG(n + 1, 2n + 2); Z) is generated by the Schubert classes σ λ with strictly decreasing partition λ. Moreover, χ(OG(n + 1, 2n + 2)) = 2 n . Similar result of Theorem 4.6 also holds for OG(n + 1, 2n + 2), where m = n(n + 1)/2. IG(n−k, 2n) . Let us fix a vector space E ∼ = C 2n with a non-degenerate skew-symmetric bilinear form · , · , and let d ≤ n be a fixed non-negative integer. The Isotropic Grassmannian IG(d, 2n) parametrizes ddimensional isotropic subspaces of E. This is an algebraic variety of complex dimension 2d
The Grassmannian
Let k be a non-negative integer. The partition λ is said to be k-strict, if no part of λ greater than k is repeated, namely
Recall that an isotropic flag in E is a complete flag , 2n) ; Z) is a free abelian group generated by these Schubert classes. Moreover, the k-strict partition λ has a unique dual partitionλ ∈ P (k, n), for which p j (λ) = 2n 
